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Abstract 

The interpretation of neutrino oscillation data has led to the ques- 
tion whether, in principle, an antiparticle like antineutrino can have a 
different mass than its particle. In the framework of a Lorentz invari- 
ant CPT violation, which is based on the nonlocal interaction vertex 
and characterized by the infrared divergent form factor, we present 
an explicit Lagrangian model for the fermion and antifermion mass 
>> ■ splitting. 

1 Introduction 

en 

It is important to study the possible violation of CPT symmetry [T], in par- 
ticular, in the framework of Lorentz invariant theory. A Lorentz invariant 
CPT violation, which may be termed as the long distance CPT violation in 
contrast to the familiar short distance CPT violation [2], has been recently 
proposed in [3]. 

The interest in CPT violation and its possible implication on Lorentz 
invariance breaking has been recently revived due to the neutrino oscilla- 
tion experiments, whose theoretical interpretation is favoured if the muon 
antineutrino mass were different than muon neutrino mass |U EJ |6]. 

The scheme proposed in [3] is based on the nonlocal interaction vertex 
and characterized by the infrared divergent form factor. To be definite, the 
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idea is illustrated by the Yukawa-type Lagrangian 

C = ip{x)[iYd^-M}ij{x) + -d ll (l){x)d^<p{x)--m 2 <p 2 {x) 

+gip(x)i>(x)<p(x) - V(<f>) (1.1) 

+gMx)ij(x) J d 4 y8(x° - y°)S((x - yf - l 2 )4>(y). 

This Lagrangian is formally Hermitian and the term with a small real g± and 
the step function 6(x° — y°) stands for the CPT and T violating interaction; 
I is a real constant parameter. 

We first note that the present way to introduce CPT violation is based 
on the extra form factor in momentum space as 



9l j d A x^x)^x) J d 4 ye(x° - y°)5((x - yf - l 2 )4>(y) 

= 0i f d Pl dp 2 dq f d 4 xtP( Pl )e- ipiX tP(p 2 )e- ip2X (1.2) 

x f d 4 y6(x° - y°)S((x - y) 2 - l 2 )(f){q)e- iqy 

= gi I dp 1 dp 2 dq(2ii) 4 S 4 (p 1 + p 2 + q)${pi)i){p 2 ) J ? {q)<f>(q) , 



where we defined f(q) = J d 4 z9(z°)5(z 2 — l 2 )e tqz , namely, CPT violation 
is realized by an insertion of the form factor /(g) to the 4> — ipip coupling 
in momentum space. The ordinary local field theory is characterized by 
S(z) and /(g) = 1. The above form factor is infrared divergent, and it is 
quadratically divergent in the present example. This infrared divergence 
arises from the fact that we cannot divide Minkowski space into (time-like) 
domains with finite 4- dimensional volumes in a Lorentz invariant manner. 
The Minkowski space is hyperbolic rather than elliptic. CPT symmetry 
is related to the fundamental structure of Minkowski space, and thus it is 
gratifying that its possible breaking is also related to the basic property of 
Minkowski space. 

For the later use, it is convenient to define the form factors 

3 ±ip2i/j/_0 



/±(p) = J d^^^eiz^siiziY - n, (i.3) 

which are inequivalent for the time-like p due to the factor 9{z1). For the 
time-like momentum p, one may choose a suitable Lorentz frame such that 



p = and 



oo 2 e ±ip°Vz u +P 



/ ± (p°) = 2n / dz ^^ , (1.4) 



o V^Tl 
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and for the space-like momentum p one may choose a suitable Lorentz frame 
such that p° = and 

<■ /->> 27T Z" 00 sin 2 . . 

/±(PJ — T-PT / « zz — . =, (1.5) 

M 2 7o v^ 2 + (M0 2 

which is analogous to the Fourier transform of the Coulomb potential and 
real. The expression f±(p) is mathematically related to the formula of 
the two-point Wightman function (for a free scalar field), which suggests 
that f± (p) is mathematically well-defined for p ^ at least in the sense of 
distribution. 

The Lagrangian in (ll.ip may be quantized by the path integral by in- 
tegrating the formal equations of motion by means of Schwinger's action 
principle [7] , whose basis is analogous to that of the Yang-Feldman formu- 
lation [8]. We thus have the generating functional (0, +oo|0, — oo)j with the 
source term Cj = ip{x)r}{x) + fj(x)ip(x) + 4>(x)J(x), and one may generate 
Green's functions in a power series expansion of perturbation as 

{i) n (T*<p{ Xl )..4{x N ) j ' d A yi Cj( yi ).... J ' d 4 y n £j(y n )), (1.6) 

where we consider only iV scalar particles as external fields, for simplicity. 
We use the covariant T*-product which is essential to make the path integral 
on the basis of Schwinger's action principle consistent [Tj. 

On the basis of this quantization, it is confirmed [9] that the time- reversal 
non-invariance in the square of the probability amplitudes for the processes 
<f) — > Tpi/j and its time reversed formation process, 

|Afa-^)|VMW->0| 2 , (i.7) 

is realized after averaging over spin directions for the processes <fi — v ifjip 
and Tpip — > (p as a result of the interference of two phases 0, and ±8cpt- 
Here 9i is the dynamical phase of the Yukawa theory generated by one- 
loop corrections and ±9cpt is the phase generated by our CPT- and T- 
violating interaction. This shows that the T-violation in (II. ip is genuine. It 
is convenient to choose the masses such that 3M > m > 2M, which makes 
the above decay mode the only allowed decay mode. 



2 Lagrangian model of fermion mass split- 
ting 

2.1 Lagrangian formalism 

In the present nonlocal formulation, we have a new possibility which is ab- 
sent in a smooth nonlocal extension of the CPT-even local field theory. The 
term ifj,ij}(x)ip(y) (to be precise, i^{x)^{x)) with a real \i does not appear 
in the local Lagrangian since it is canceled by its Hermitian conjugate. Also 
this term is CPT-odd. But in the present nonlocal theory one can consider 
the Hermitian combination 

/ d 4 xd 4 y[9(x - y°) - 9(y° - x )} 

x6((x-y) 2 -l 2 )[i^(x)ij(y)}, (2.1) 

which is non- vanishing. Under CPT, we have i/j,ijj(x)ijj(y) — >• — ifj,ip(— y)ip(— x) 
By performing the change of integration variables —x — > y and — y — > x, 
this combination is confirmed to be CPT=— 1. In fact, we have the following 
transformation property of the operator part 

C : i^(x)^(y) ->■ i[i#(y)il>(x), (2.2) 

P : ifii/j(x , x)tp(y°, y) ->■ ^(x , -x)tp(y°, -y), 
T : ii^p(x°,x)ip(y°,y) ->■ -i^{-x° \x)ip(-y° \y), 

and thus the overall transformation property is C=— 1, P=l, T=l. Namely, 
C=CP=CPT=-1. 

It is thus interesting to examine a new action 



S = I d 4 x{ip(x)i^d^(x) - mip(x)ip(x) (2.3) 

d 4 y[9(x° - y°) - 9(y° - x°)]S((x - yf - I 2 ) 

x[i^(x)^(y)}}, 

which is Lorentz invariant and Hermitian. For the real parameter /i, the 
third term has C=CP=CPT=— 1 and no symmetry to ensure the equality 
of particle and antiparticle masses. 
The Dirac equation is replaced by 

i^dn^(x) = mip(x) (2.4) 

+V* [ d 4 y[9(x° - y°) - 9(y° - x°)]S((x - y) 2 - l 2 )^{y). 



By inserting an ansatz for the possible solution 

ij,(x) = e- ipx U{p), (2.5) 

we have 

$U(p) = mU(p) 

+ ifi I d*y[6(x - y°) - 6(y° - x )] 

x 6({x - yf - l 2 )e- ip(y - x) U{p) 

= mU(p) + in[f + (p)-f_(j>)]U(p), (2.6) 

where f± (p) is the Lorentz invariant form factor defined in (II. 3p . 
The (off-shell) propagator is defined by 

i 



m+ie-in[f+{p) -/_(p)]' 



(2.7) 



which is manifestly Lorentz covariant. Note that we use the T*-product for 
the path integral in accord with Schwinger's action principle, which is based 
on the equation of motion f |2.4[) with a source term added: 



(0,+oo|0,-oo)j= VipViljexpi{S+ d 4 x£j]}, 



{21 



where the action S is given in ( 12. 3 p and the source term is Cj = xjj(x)tj(x) + 
fj(x)ijj(x). The T*-product is quite different from the canonical T-product 
in the present nonlocal theory, and in fact the canonical quantization is 
not defined in the present theory. It is however important to note that the 
T*-product can reproduce all the results of the T-product, if the T-product 
is well-defined, by means of the Bj or ken- Johnson-Low prescription [7]. In 
the present example, the presence of the sine-function in the denominator of 
the correlation function complicates this procedure, which is an indication 
of the absence of the canonical quantization of (j2.3p . We also emphasize 
that the analysis of the mass-splitting can be performed in terms of the ex- 
act solution of the (modified) free Dirac equation (12.41) . which also defines 
the propagator in the present path integral prescription. After all, Dirac 
discovered the antiparticle by solving his equation exactly. The propaga- 
tor ( 12.71) is also an exact propagator for ( 12. 3ft in the sense of the propagator 



theory of relativistic quantum mechanics, and thus it could describe the par- 
ticle and antiparticle propagation if one understands the antiparticle with 
negative energy propagating backward in time. However, if one attempts 
to describe the particle and antiparticle propagation with definite masses 
by pole approximation, for example, then the off-shell Lorentz covariance 
of the propagator (12.71) is lost, as is discussed later (see eq. (I2.17P ). 

For the space-like p, the extra term with // in the denominator of the 
propagator (12.71) vanishes since f+(p) = f-(p) for p = (0,p), as is shown in 
(II. 5p . Thus the propagator has poles only at the time-like momentum, and 
in this sense the present Hermitian action (12. 3p does not allow a tachyon. 
By assuming a time-like p, we go to the frame where p — 0. Then the 
eigenvalue equation is given by 



Po = lo{m + i(j,[f + (p ) - f-ipo)]}, 



(2.9) 



namely, 



Po 



To 



m 



4"7T/i 



dz 



z 2 sin 



[poVz 2 + I 2 ] 
Vz^Tl 2 



(2.10) 



where we used the explicit formula in ( 11.41) . The solution po of this equation 
( 12.1 Op determines the possible mass eigenvalues. 

This eigenvalue equation under po — > —po becomes: 



-Po 



To 



m+ 4.w°V 2si,l|pov/FT1 ' 1 



Vz^+P 



(2.11) 



By sandwiching this equation by 75, which is regarded as CPT operation, 
we have 



Po 



To 



T sin[po\/z 2 + I 2 ] 



f°° :' 

-m — An a l dz , 

Jo Vz^Tl 2 



(2.12) 



i.e., 



Po 



7o 



m+ ^r d z^mn 

'0 V^Tp 



(2.13) 



which is not identical to the original equation in ( I2.10p . In other words, if 
Po is the solution of the original equation, — p cannot be the solution of the 
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original equation except for \x = 0. The last term in the Lagrangian (12. 3p 
with C=CP=CPT=— 1 splits the particle and antiparticle masses. 

As a crude estimate of the mass splitting, one may assume \x <C m and 
solve these equations iteratively. If the particle mass for (12.101) is chosen at 

f°° , z 2 smlm^TP] , 01/A 

Po^m-ATT^i dz , (2.14) 

Jo Vz + V 

then the antiparticle mass for ( 12. 13[) is estimated at 



CO 



, z 2 sm\m\/z 2 + 1 2 } . . 

p ~m + 4^/i/ dz . . (2.15) 

Jo v ^ + ' 

2.2 Canonical description 

Once one finds eigenvalues, one may examine the behavior of the off-shell 
propagator (12. 7p around those pole positions approximately and may ap- 
ply the Bj or ken- Johnson-Low (BJL) prescription to reveal the canonical 
structure [7J. Then one finds an operator description of those particle and 
antiparticle with different masses, although the manifest invariance is lost. 
(This is somewhat analogous to the electromagnetic field. The off-shell 
Maxwell equation is manifestly Lorentz covariant but if one applies the 
physical Coulomb gauge to define the photon, the manifest invariance is 
lost.) We would like to explain the basic steps of this procedure. 

If one denotes the particle mass by m + and antiparticle mass by m_, 
respectively, we have approximately near the pole positions of the propagator 
in ( ET7| 1: 

d i xe ip( - x - y UT*i;(x)ij(y)) ~ , for p > 0, 

p — m + + ie 

for p < 0. 



p — m_ + ie' 
(2.16) 

The first step of BJL prescription is to examine the large po behavior of 
the right-hand side of the Fourier transform, which goes to in the present 
case. In this case, we replace the T*-product by the canonical T-product. 

From the point of view of the field-product il ! ( x )i'{y)y T is supposed 
to specify the product even for the precise coincident time x° = y°, while 
T* specifies the product only for x° ^ y° and examine the behavior of the 
product for x° — y° — > later. These two procedures agree with each other 



for the theory where ordinary canonical quantization is well-defined, but in 
general they do not agree with each other. The Schwinger term, for example, 
is identified by this disagreement. If the short-time limit is well-specified 
by T, the Riemann-Lebesgue lemma in the Fourier transform implies that 
the large frequency limit of the T-product vanishes. This is the basis of the 
above replacement of T* by T [7] . 

We thus have the relations, which are more specific than (I2.16P but still 
approximate, although we use the equality symbol: 

p z — m + + xe 
for p > 0, 

for p <0, (2.17) 

where we have separated ip into positive ijj+(x) and negative ?/>_ (x) frequency 
components. We used the positive energy and negative energy projection 
operators constructed by the solutions of f)2.6p . where A + (m) + A_(ra) =/ 
p + m for the equal mass case. The final step of BJL prescription is to 
multiply both-hand sides of the relations in (J2.17P by po and consider the 
large po limit. For example, 

PoJd'xe^-^iT^x^iy)) 

d 4 x^ e ^-y\TMx)My)) 

d 4 xe^~y)^L(Ti; + (x)My)) 
i J d^xe^-^mx -y°){Mx)My)}) 



+ ( T ^^)Mv))]- p2 _ ml + ie (2-18) 

We consider the limit po — > oo in this relation. The T-product part (T-£^ip + (x)tp + (y)) 
goes to in this limit since it is always defined to satisfy the Riemann- 
Lebesgue type condition, which specifies the separation between the com- 
mutator part and the T-product part uniquely. We thus conclude from the 



last two relations in (J2.18P 

S(x -y ){Mx)^A(y)} = l^(x-y), 

8(x° - y°){4>-(x),il>l(y)} = l -5\x - y), (2.19) 

where the second relation follows from the second relation in (12.171) . Note 
that at extremely high energies, the mass difference does not matter at least 
in the fixed mass approximation. By this way, we obtain an approximate 
canonical description of the CPT- violated fermion with mass splitting. The 
basic approximation involved in the transition from the manifestly Lorentz 
covariant off-shell propagator to the approximate canonical description is 
the identification of the pole structure in ( 12.16!) . which is exact for the case 
of an identical (momentum-independent) mass. 

3 Conclusion 

We have presented a simple Lorentz invariant CPT violating Lagrangian 
model in fl2.3|) . which produces the splitting of particle and antiparticle 
masses. The simple Lagrangian model will provide a useful theoretical lab- 
oratory when one investigates Lorentz invariant CPT violation effects. 

Besides the fact that both CPT and Lorentz invariance are two most 
fundamental symmetries in physics, whose violations have not been hith- 
erto observed, the relation between the two symmetries and their possible 
breaking are of considerable theoretical and experimental interest. Recent 
MINOS neutrino experiments with their favoured interpretation through a 
mass difference for muon neutrino and antineutrino have revived interest in 
CPT violation and its possible implication on Lorentz invariance breaking 

HE1E]. 

It is an interesting question whether the CPT violation in our model 
could be a long distance effective description of some modified structure of 
space-time at short distances, for example. 

Our Lagrangian is nonlocal and the local gauge principle cannot be 
directly applied to it. Nevertheless, its novelty is the specific realization 
of a CPT-odd and Lorentz invariant model, showing a mass splitting of 
fermions and, in general, of any particle and its antiparticle. 
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